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Further, let 1f L∈ . The Fourier coefficients of f  are given by
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Here, we study approximative properties of the Taylor — Abel — Poisson operators ,rA , 
which are defined in the following way [1, 2]:
For [0,1)∈ , r ∈N  and 1f L∈ , we set
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where, for 0, 1 , , 1k r= … − , the numbers , ( ) 1k rλ ≡  and
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We denote, by ( , )f x , 0 1≤ < , the Poisson integral (the Poisson operator) of f , i.e.,
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 is the Poisson kernel.
Leis [3] considered the transformation
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is the normal derivative of the function f .
Butzer and Sunouchi [4] considered the transformation
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where { } ( )k kf f= , if 2k +∈ Z  and { } ( )k kf f=  , if ( 1) 2k +− ∈ Z .
The relation between the operators ,rA  and the operators ,rL  and ,rB  is shown in the 
following relation:
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which holds for any function 1f L∈  and for all numbers r ∈N , [0,1)∈ , and x ∈T .
If, for a function 1f L∈  and for a positive integer n , there exists the function 1g L∈  such 
that
ˆ 0kg = , if k n<  and 
!
(
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then we say that, for the function f , there exists the radial derivative g of order n, for which we 
use the notation [ ]nf . Here, we use the term ‘‘radial derivative» in view of the following fact.
If the function [ ] 1
rf L∈ , then its Poisson integral can be presented as
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[0,1)∈ ,  x ∈T .
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Hence, by virtue of the theorem of limit values of a Poisson integral (see, for example, [5, 
p. 27]), for almost all x ∈T , we have [ ] [ ]
1
li) ( )m( ,r rf x f x
→ −
=

 .
In the space pL , the K-functional of a function f  (see, for example, [6, Ch. 6]) generated by 
the radial derivative of order n  is the following quantity:
[ ] [ ], : inf , 0.:( ) n n npn p ppK f f h h h L
⎧ ⎫δ = δ >
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Theorem 1. Assume that pf L∈ , 1 p ∞   ,n r ∈N , n r , and 0 n< α < . If
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Theorem 2. Assume that pf L∈ , 1 p ∞  , ,n r ∈N, n r , and 0 n< α < . If relation (3) holds, 
then [ ]r n pf L
− ∈ , and relation (2) also holds.
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where
 
1
ˆ eikxk
k r
f f
−
= ∑

. 
In such case, the theorems are easily true. This fact is related to the so-called saturation property of 
the approximation method generated by the operator ,rA . In particular, in [1], it was shown that 
the operator ,rA  generates the linear approximation method of holomorphic functions, which is 
saturated in the space pH with the saturation order (1 )
r
−  and the saturation class 1Lip1rpH
− .
It is of interest to consider the case 1n = . In this case, by virtue of Theorem 2.4 (Сh. 6 §2 [6]), 
the set of all functions pf L∈  satisfying the condition 1 , ( ), 0 ,( 0)K f O
αδ = δ δ → + α > , is equiva-
lent to the Lipschitz class
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Corollary 1. Assume that pf L∈ , 1 p ∞  , r ∈N  and 0 1< α < . The following statements are 
equivalent:
1) 1, ( ) ((1 ) ), 1 ;
r
r p
f A f O − +α− = − → −  
2) [ 1] Lip( , )rf p− ∈ α .
This work was supported in part by the FP7-People-2011-IRSES project number 295164 (EU-
MLS: EU-Ukrainian Mathematicians for Life Sciences).
20 ISSN 1025-6415. Dopov. Nac. acad. nauk Ukr. 2017. № 1
J. Prestin, V.V. Savchuk, A.L. Shidlich
REFERENCES
1. Savchuk V.V. Ukr. Math. J., 2007, 59, No 9: 1397-1407.
2. Savchuk V.V., Shidlich, A.L. Acta Sci. Math., 2014, 80, No 3-4: 477-489.
3. Leis R. Arch. Math., 1963, 14: 120-129.
4. Butzer P.L., Sunouchi G. Math. Ann., 1964, 155: 316-330.
5. Rudin W. Function theory in polydiscs, New York: Benjamin, 1969.
6. DeVore R.A., Lorentz G.G. Constructive approximation, Berlin: Springer, 1993.
Received 06.09.2016
Ю. Престін 1, В.В. Савчук 2, А.Л. Шидліч 2
1 Інститут математики, Університет міста Любек, Німеччина
2 Інститут математики НАН України, Київ
E-mail: prestin@math.uni-luebeck.de, vicsavchuk@gmail.com, shidlich@gmail.com
НАБЛИЖЕННЯ 2π-ПЕРІОДИЧНИХ ФУНКЦІЙ ОПЕРАТОРАМИ 
ТЕЙЛОРА — АБЕЛЯ — ПУАССОНА В ІНТЕГРАЛЬНІЙ МЕТРИЦІ
Отримано прямі та обернені теореми наближення 2π-періодичних функцій операторами Тейлора — Абе-
ля — Пуассона в інтегральній метриці.
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ТЕЙЛОРА — АБЕЛЯ — ПУАССОНА В ИНТЕГРАЛЬНОЙ МЕТРИКЕ
Получены прямые и обратные теоремы приближения 2π-периодических функций операторами Тейлора — 
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